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Abstract

Putnam problems very often involve enumerating the number of matrices with certain properties,
or performing game or group-like operations on matrices, or using matrices to solve combinatorial
problems. We give relevant exercises from past Putnams and some additional tips to help with these
kinds of problems.
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2 Tips

1. Common combinatorial objects to note: perfect matchings, lattice paths, tilings, surjections, in-
jections, functions, set partitions, compositions, weak compositions, integer partitions, choosing,
hypergeometric, words, permutations, permutation avoidance. See: twelve-fold way.

2. Number theory (prime factorizations) can sometimes be of use.

3. Try smaller cases first, to find a pattern.

4. detA =
∑︁

σ∈Sn
sgn(σ)a1σ(1)a2σ(2) · · · anσ(n).

5. Compute determinants by row/column manipulation or straight up expansion.

6. Encode combinatorial objects as vectors.

7. For finite dimension, AB = I =⇒ BA = I.

8. Try to convert combinatorics into linear algebra (meaning: MATRICES) if possible. Sometimes
it’s not possible.

9. What does each row/column represent? Each entry represent?

10. What will change if you permute rows/columns?

11. What is the smallest local constraint? Is there an adjacency/incidence matrix?

12. Mobius inversions and basis changes.

13. Try to find eigenvectors by guessing really well.

14. Expectation is linear, and independence kills most terms.

15. Reduction on modular arithmetic / finite fields. Z2 is your best bet, usually, unless you’re working
modulo some other number.

16. If it’s an A3/B3 or above and it was too easy, then you probably did it wrong.

17. Try summing over things.

18. Block matrices.

19. An integer matrix which is symmetric can be thought of as a graph incidence matrix. Meanwhile,
an integer matrix which is antisymmetric can be thought of as a diagraph incidence matrix. You
can try to interpret other matrices similarly in case-by-case basis.

20. If looking for a contradiction, maximal/minimal cases are good.

21. n even vs. n odd.

22. Work on simple/symmetric examples first.
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